Generation of entangled states for many multilevel atoms in a thermal
  cavity and ions in thermal motion by Zheng, Shi-Biao
ar
X
iv
:1
20
2.
53
84
v1
  [
qu
an
t-p
h]
  2
4 F
eb
 20
12
Generation of entangled states for many multi-level atoms in a thermal cavity and
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We propose a scheme for generating entangled states for two or more multi-level atoms in a
thermal cavity. The photon-number dependent parts in the effective Hamiltonian are canceled with
the assistant of a strong classical field. Thus the scheme is insensitive to both the cavity decay and
the thermal field. The scheme does not require individual addressing of the atoms in the cavity.
The scheme can also be used to generate entangled states for many hot multi-level ions.
PACS numbers: PACS number: 42.50.Dv, 42.50.Vk, 03.65.Bz
Entanglement of two or more particles is not only of
significance for test of quantum mechanics against local
hidden theory [1-3], but also useful in quantum cryp-
tography [4] and quantum teleportation [5]. Most of re-
search in quantum nonlocality and quantum information
is based on entanglement of two-level particles. Entan-
gled states for two-level particles have been observed for
photons [6-8], atoms in cavity QED [9-11], and ions in a
trap [12-14].
Recently, it has been shown that violations of lo-
cal realism by two entangled N-dimensional systems are
stronger than for two qubits [15]. The Greenberger-
Horne-Zeiliner paradox has also been extended to the
many N-dimensional systems [16]. Furthermore, it has
been shown that quantum cryptography based on entan-
gled qutrits is more secure than that based on entangled
qubits [17]. High-dimensional entanglement for photons
has been observed [18-21]. However, there have no re-
ports on the realization of entanglement for multi-level
massive particles. Recently, Zou et al. [22] have pro-
posed a scheme for the generation of entangled states for
two three-level atoms in cavity QED using nonresonant
interaction of two atoms with a cavity [23]. The scheme
is insensitive to cavity decay. The main drawback of the
scheme is that it requires individual addressing of the
atoms when both atoms are still in the cavity, which is
experimentally problematic.
In this paper we propose a scheme for generating en-
tangled states for many multi-level atoms in cavity QED
and ions in a trap. In cavity QED, our scheme does not
require individual addressing of the atoms in the cavity.
Another distinct feature of the present scheme is that the
photon-number dependent parts in the effective Hamilto-
nian are canceled with the assistant of a strong classical
driving field. Due to this feature the scheme is insensi-
tive to both the cavity decay and thermal field. For the
trapped ions, our scheme is insensitive to the thermal
motion.
We consider N identical ladder-type three-level atoms
simultaneously interacting with a single-mode cavity field
and driven by a classical field. The atomic states are
denoted by |g〉, |e〉 , and |i〉 . The transition frequency
between the states |e〉 and |i〉 is highly detuned from the
cavity frequency and thus the state |i〉 is not affected
during the atom-cavity interaction. The Hamiltonian is
(assuming ~ = 1) [24,25]
H = ω0
∑N
j=1 Sz,j + ωaa
+a+
∑N
j=1[g(a
+S−j + aS
+
j )
+Ω(S+j e
−iωt + S−j e
iωt)] ,(1)
where S+j = |ej〉 〈gj |, S−j = |gj〉 〈ej | , Sz,j = 12 (|ej〉 〈ej | −
|gj〉 〈gj|), with |ej〉 and |gj〉 (j=1,2) being the excited
and ground states of the jth atom, a+ and a are the
creation and annihilation operators for the cavity mode,
and g is the atom-cavity coupling strength, and Ω is the
Rabi frequency of the classical field. Assume that ω0 =
ω. Then the interaction Hamiltonian, in the interaction
picture, is
Hi =
N∑
j=1
[g(e−iδta+S−j + e
iδtaS+j ) + Ω(S
+
j + S
−
j )], (2)
δ is the detuning between the atomic transition frequency
ω0 and cavity frequency ω. Define the new atomic basis
|+j〉 = 1√
2
(|gj〉+ |ej〉), |−j〉 = 1√
2
(|gj〉 − |ej〉). (3)
Then we can rewrite Hi as
Hi =
N∑
j=1
[ge−iδta+(σz,j +
1
2
σ+j −
1
2
σ−j )
+eiδta(σz,j +
1
2
σ−j −
1
2
σ+j ) + 2Ωσz,j ], (4)
where σz,j =
1
2 (|+j〉 〈+j| − |−j〉 〈−j |), σ+j = |+j〉 〈−j|
and σ−j = |−j〉 〈+j | .
The time evolution of this system is decided by
Schro¨dinger’s equation:
i
d|ψ(t)〉
dt
= Hi|ψ(t)〉. (5)
2Perform the unitary transformation
|ψ(t)〉 = e−iH0t|ψ′(t)〉, (6)
with
H0 = 2Ω
N∑
j=1
σz,j . (7)
Then we obtain
i
d|ψ′(t)〉
dt
= H
′
i |ψ
′
(t)〉, (8)
where
H
′
i =
∑
j=1,2
[ge−iδta+(σz,j +
1
2
σ+j e
2iΩt − 1
2
σ−j e
−2iΩt)
+eiδta(σz,j +
1
2
σ−j e
−2iΩt − 1
2
σ+j e
2iΩt). (9)
Assuming that 2Ω ≫ δ, g, we can neglect the terms
oscillating fast. Then H
′
i reduces to
H
′
i =
N∑
j=1
g(e−iδta+ + eiδta)σz,j (10)
=
1
2
N∑
j=1
g(e−iδta+ + eiδta)(S+j + S
−
j ).
In the case δ ≫ g/2, there is no energy exchange be-
tween the atomic system and the cavity. The resonant
transitions are |ejgkn〉 ←→ |gjekn〉 and |ejekn〉 ←→
|gjgkn〉 . The transition |ejgkn〉 ←→ |gjekn〉 is medi-
ated by |gjgkn± 1〉 and |ejekn± 1〉. The contributions
of |gjgkn± 1〉 are equal to those of |ejekn± 1〉. The cor-
responding Rabi frequency is given by
2
〈ejgkn|H ′i |gjgkn+ 1〉 〈gjgkn+ 1|H
′
i |gjekn〉
δ
+2
〈ejgkn|H ′i |gjgkn− 1〉 〈gjgkn− 1|H
′
i |gjekn〉
−δ =
g2
2δ
.
(11)
Since the transition paths interfere destructively the Rabi
frequency is independent of the photon-number of the
cavity mode. The destructive interference of transition
amplitudes was first proposed for trapped ions [26, 27].
The Rabi frequency for |ejekn〉 ←→ |gjgkn〉 , mediated
by |ejgkn± 1〉 and |gjekn± 1〉 , is also equal to g2/(2δ).
The Stark shift for the state |ej〉 is
〈ejn|H ′i |gjn+ 1〉 〈gjn+ 1|H
′
i |ejn〉
δ
+
〈ejn|H ′i |gjn− 1〉 〈gjn− 1|H
′
i |ejn〉
−δ =
g2
4δ
.
(12)
The Stark shift for |gj〉 is also g2/(4δ). The strong classi-
cal field induces the terms g(e−iδta+S+j +e
iδtaS−j ), which
result in the photon-number dependent Stark shifts neg-
ative to those induced by g(e−iδta+S−j + e
iδtaS+j ). Thus
the photon-number dependent Stark shifts are also can-
celled. Then the effective Hamiltonian is given by
He = λ[
1
2
N∑
j=1
(|ej〉 〈ej |+ |gj〉 〈gj |)
+
N∑
j,k=1
(S+j S
+
k + S
+
j S
−
k +H.c.)], j 6= k (13)
where λ = g
2
2δ . The distinct feature of the effective Hamil-
tonian is that it is independent of the photon-number of
the cavity field. Without the strong classical field, the
Stark shift terms are proportional to the photon number,
and the terms S+j S
+
k +H.c do not exist. The evolution
operator of the system is given by
U(t) = e−iH0te−iHet. (14)
We note the atomic state evolution operator U(t) is in-
dependent of the cavity field state, allowing it to be in a
thermal state.
We first consider the case that N=2. Assume the two
atoms are initially in the state |g1〉 |g2〉. After an inter-
action time t1 the state of the system is
|g1〉 |g2〉 −→ e−iλt1{cos(λt1)[cos Ωt1 |g1〉 − i sinΩt1 |e1〉]
[cosΩt1 |g2〉 − i sinΩt1 |e2〉]
−i sin(λt1)[cos Ωt1 |e1〉 − i sinΩt1 |g1〉]
[cosΩt1 |e2〉 − i sinΩt1 |g2〉]}.
(15)
Choose the interaction time t1 and Rabi frequency Ω ap-
propriately so that sin(λt1) = 1/
√
3 and Ωt1 = kpi,with
k being an integer. Then we have
|g1〉 |g2〉 −→ e−iλt1{
√
2
3
|g1〉 |g2〉 − i 1√
3
|e1〉 |e2〉}. (16)
Now we switch off the classical field tuned to the
|g〉 → |e〉 , and switch on another classical field tuned to
the |e〉 → |f〉 . Choosing the Rabi frequency and interac-
tion time appropriately so that the atoms undergoes the
transitions: |e〉 → |f〉. We here assume that this classical
field is sufficiently strong and thus the interaction time is
so short that the dispersive atom-cavity interaction can
be neglected during the application of this classical field.
This leads to
e−iλt1{
√
2
3
|g1〉 |g2〉 − i 1√
3
|f1〉 |f2〉}. (17)
Then we again switch on the classical field tuned to the
|g〉 → |e〉 , and switch off the field tuned to the |e〉 → |f〉 .
3The Hamiltonian is again given by Eq.(13). After another
interaction time t2. We obtain
e−iλ(t1+t2)
√
2
3
{cos(λt2)[cosΩ
′
t2 |g1〉 − i sinΩ
′
t2 |e1〉]
[cosΩ
′
t2 |g2〉 − i sinΩ
′
t2 |e2〉]
−i sin(λt2)[cosΩ
′
t2 |e1〉 − i sinΩ
′
t2 |g1〉]
[cosΩ
′
t2 |e2〉 − i sinΩ
′
t2 |g2〉]}
−ie−iλt1 1√
3
|f1〉 |f2〉 ,
(18)
where Ω
′
is the Rabi frequency of the classical field during
the interaction time t2. Choose the interaction time t2
and Rabi frequency Ω
′
appropriately so that λt2 = pi/4
and Ω
′
t2 = 2k
′
pi,with k
′
being an integer. Then we have
e−iλt1
√
1
3
{e−iλt2 |g1〉 |g2〉 − ie−iλt2 |e1〉 |e2〉 − i |f1〉 |f2〉}.
(19)
This is a maximally entangled state for the two three-
level atoms. We here do not require individually address-
ing of the atoms when they are in the cavity. Further-
more, our scheme is not only insensitive to the cavity
decay but also insensitive to the thermal photons. The
thermal field gradually builds up during the operations
[10]. Thus, our scheme is important in view of experi-
ment.
We now turn to the problem of generating entangle-
ment for three or more three-level atoms with a thermal
cavity. The effective Hamiltonian He can also be rewrit-
ten as
He = 2λS
2
x, (20)
where
Sx =
1
2
N∑
j=1
(S+j + S
−
j ). (21)
Assume that the atoms are initially in the state
|g1g2...gN 〉 . Using the representation of the operator Sz,
the atomic state |g1g2...gN 〉 and |e1e2...eN 〉 can be ex-
pressed as |N/2,−N/2〉 and |N/2, N/2〉 . On the other
hand, such states can be expanded in terms of the eigen-
states of Sx [25,26,28]
|N/2,−N/2〉 =
N/2∑
M=−N/2
CM |N/2,M〉x . (22)
|N/2, N/2〉 =
N/2∑
M=−N/2
CM (−1)N/2−M |N/2,M〉x . (23)
Thus, the evolution of the system is
N/2∑
M=−N/2
CMe
−2i(ΩM+λM2)t |N/2,M〉x . (24)
When N is even M is an integer. With the choice λt =
pi/4 and Ωt = npi we obtain
1√
2
∑N/2
M=−N/2 CM [e
−ipi/4 + eipi/4(−1)M ] |N/2,M〉x
= 1√
2
(e−ipi/4 |g1g2...gN 〉+ eipi/4(−1)N/2 |e1e2...eN 〉).
(25)
On the other hand, for the case that N is odd we choose
λt = pi/4 and Ωt = (2n+ 34 )pi. Then we obtain
1√
2
ei
7
8
pi[e−ipi/4 |g1g2...gN〉+eipi/4(−1)(1+N)/2 |g1g2...gN 〉].
(26)
By this way we obtain a multiatom Greenberger-Horne-
Zeilinger state [2].
We here assume that N is even. After the state of Eq.
(26) is prepared we switch off the classical field tuned to
|e〉 → |g〉 and perform the transformation: |e〉 → |f〉.
Then we have
1√
2
(e−ipi/4 |g1g2...gN 〉+ eipi/4(−1)N/2 |f1f2...fN 〉).
(27)
Then we again switch on the classical field tuned to
|e〉 → |g〉. After another interaction time t we obtain
an entangled state for the N three-level atoms
1
2e
−ipi/4(e−ipi/4 |g1g2...gN 〉+ eipi/4(−1)N/2 |e1e2...eN 〉)
+ 1√
2
eipi/4(−1)N/2 |f1f2...fN 〉 .
(28)
After the N atoms exits the cavity we can prepare N-1
atoms into a maximally entangled state via manipulating
the Nth atom. We first perform the transformations:
|gN 〉 → 1√
2
|gN 〉+ 1√
10
|eN〉 −
√
2
5
|fN 〉 ,
|eN 〉 → − 1√
2
|gN〉+ 1√
10
|eN 〉 −
√
2
5
|fN〉 ,
|fN 〉 → 2√
5
|eN 〉+
√
1
5
|fN 〉 . (29)
Then we detect the state of the Nth atom. The detec-
tion of the state |fN〉 collapses the N-1 atoms onto the
maximally entangled state
1√
3
(e−ipi/2 |g1g2...gN−1〉+ (−1)N/2 |e1e2...eN−1〉
−eipi/4(−1)N/2 |f1f2...fN−1〉 .
(30)
The probability of success is 0.3.
We note we can generate a maximally entangled state
for N four-level atoms determinately. The fourth level
4is |h〉. After the atoms are prepared in the state of Eq.
(28) we perform the transformation: |g〉 ←→ |f〉 and
|e〉 ←→ |h〉 . This leads to
1√
2
eipi/4(−1)N/2 |g1g2...gN〉+ 12 (e−ipi/2 |f1f2...fN 〉
+(−1)N/2 |h1h2...hN 〉).
(31)
Then we again switch on the classical field tuned to
|e〉 → |g〉. After another interaction time t we obtain
an entangled state for the N four-level atoms
1
2 [(−1)N/2 |g1g2...gN〉+ eipi/2 |e1e2...eN 〉
+e−ipi/2 |f1f2...fN 〉+ (−1)N/2 |h1h2...hN 〉]. (32)
We note the idea can also be used to the ion trap sys-
tem. We consider that N ions are confined in a linear
trap. Then we simultaneously excite the ions with two
lasers of frequencies ω0+ν+δ and ω0−ν−δ, where ω0 is
the frequency of the transition |e〉 → |g〉 and ν is the fre-
quency of the one collective vibrational mode. Suppose
δ is much smaller than ν and thus we can neglect other
vibrational modes. In this case the Hamiltonian for the
system is given by [26,27]
∧
H= ν
∧
a
+∧
a +ω0
∑N
j=1
∧
Sz,j +{Ωe−iφ
∑N
j=1
∧
S
+
j e
iη(
∧
a
+
+
∧
a)
[e−i(ω0+ν+δ)t + e−i(ω0−ν−δ)t] +H.c.},
(33)
where
∧
a
+
and
∧
a are the creation and annihilation op-
erators for the collective vibrational mode, and η =
k/
√
2νM is the Lamb-Dicke parameter with k being the
wavevector along the trap axis and M the mass of the
ion collection. We here have assumed the lasers have the
same Rabi frequency Ω, phase φ and same wavevector k.
Furthermore, we consider the resolved sideband regime,
where the vibrational frequency ν is much larger than
other characteristic frequencies of the problem. In this
case we discard the rapidly oscillating terms and obtain
the Hamiltonian in the interaction picture
∧
H= Ωe−η
2/2e−iφ
∑N
j=1
∧
S
+
j
∑∞
j=0
(iη)2j+1
j!(j+1)!
[
∧
a
+(j+1)∧
a
j
e−iδt+
∧
a
+j∧
a
j+1
eiδt
]
+H.c.,
(34)
In the Lamb-Dicke regime, i.e., η
√
n+ 1 ≪ 1 with n
being the phonon number, the Hamiltonian of Eq.(34)
can be approximated by the expansion to the first order
in η
∧
H= iηΩe
−iφ
N∑
j=1
∧
S
+
j (
∧
a
+
e−iδt+
∧
a eiδt) +H.c., (35)
When δ ≫ ηΩ and φ = pi/2 the effective Hamiltonian
has the same form as Eq. (13), with λ = 2Ω2η2/δ. For
the case N=2 we focus the two lasers on the ions for a
time arcsin(1/
√
3)/λ, then perform the transformation:
|e〉 → |f〉 with |f〉 being another internal state, followed
by the application of the above mentioned two lasers for
a time pi/(4λ). The two ions are prepared in the state
of Eq. (19). Using the procedure similar to that for
cavity QED we can also generate entangled states for
many multi-level ions. The effective Hamiltonian does
not involve the external degree of freedom and thus the
scheme is insensitive to the external state, allowing the it
to be in a thermal state. For the generation of the states
of Eq. (19), (28), and (32), we do not require individual
addressing of the ions.
In conclusion, we have proposed a scheme for generat-
ing entangled states for two or more multi-level particles
in both cavity QED and ion trap. In cavity QED, our
scheme does not require individual addressing of atoms
in the cavity. In cavity QED the scheme is insensitive to
both cavity decay and thermal field, which is of impor-
tance from the experimental point of view. In ion trap,
our scheme is insensitive to the thermal motion. Based
on the experiments reported in Refs. [10], [13], and [14],
our scheme is realizable with techniques presently avail-
able.
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